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We consider a single link loss system where the arrival rates are determined by prices.
We examine two economic models, one where prices are set to maximize revenue, and the
other where prices are set to maximize total social welfare.

1. INTRODUCTION

Loss systems are widely used to study the performance of the provision of guaranteed
services by telecommunication networks, where the amount of available resources are
finite, and a customer that arrives requesting a certain amount of resources results in either
being accepted, or being blocked due to the unavailability of the requested resources. An
important performance measure is the probability that such requests are blocked, which
depends on the overall request rate, the amount of resources required by the various
request types, and the total amount of resources available in the system.

The issue of interest to us here is the role that prices can play in controlling the per-
formance of such blocking systems. A network operator could, by charging customers,
influence the rates at which requests for different services arrive (the demand), and hence
control the way the network will be loaded and the amount of blocking different customers
will experience.

In this paper we construct and analyze two economic models that relate to the above
observations. For simplicity, both models are discussed in terms of a network consisting
of a single link, which has N ‘circuits’. The first corresponds to the case of the network
manager acting as a monopolist, which sets prices to maximize the total revenue obtained
from the system. The second corresponds to the other extreme where the goal of the
network manager is to set prices in order to maximize the total utility (social welfare)
obtained by the users of the network. In this case, the utility of a user is a function
capturing his preferences in terms of the frequency of placing calls and the potential
negative effects of call blocking. An essential feature of our approach is that it involves an
asymptotic analysis, in the regime where both the available capacity and potential load
grow to infinity. For the revenue maximization problem we show that, as N — oo, under



optimal prices the link is either underloaded or critically loaded; it is never overloaded.
For the social welfare maximization problem we show that, as N — oo, the link is always
critically loaded. These first order asymptotic results are then supplemented by second
order asymptotics for critically loaded systems.

The paper is organized as follows. In section 2 we state the two optimization problems,
and in section 3 we review known asymptotic results for the calculation of the blocking
probabilities. In sections 4 and 5 we present our results for the revenue and utility
maximization problems respectively.

2. THE OPTIMIZATION PROBLEMS

The model we consider consists of a link with N circuits and .J call types. Calls of type
J, 1 < j < J, arrive as a Poisson process of rate g;, have mean holding times 7;, and
require A; circuits (with A; > 1 an integer). If there are fewer than A; idle circuits when a
type j call arrives, the call is blocked and lost. We consider two problems that are related
to the optimal setting of prices for such a link. The first concerns the maximization of the
revenue by the network operator, and the second concerns the optimization of the overall
benefit of the customers that use the system (social welfare).

The revenue maximization problem is formulated in terms of demand functions gj;,
1 < j < J. Suppose that, given prices w = (wy, ..., wy) for the J call types, the arrival
rates are g, (w), ..., gs(w). Let B;(IN;g(w)) denote the blocking probability of type j calls
in a link with NV circuits and arrival rates ¢;(w),...,gs(w). Each accepted call of type
J pays the network operator w;. Blocked calls pay nothing. The revenue maximization
problem is the following:

Mazimization of Link Revenue (MLR):

J
maxr(w) = Y wg;(w)[L = Bj(N; 1 (w), ..., gs(W))]. (1)
j=1

Using the known expression for Bj, the problem of maximizing link revenue can be
turned into a (typically complicated) nonlinear optimization problem. Our goal here is to
use asymptotics to gain a better understanding of the structure of the optimal solution.
Towards that end we make some intuitively reasonable assumptions about the form of the
demand functions.

Let p(w) = ijl A;Tigi(w). For 1 < J < oo, the J dimensional nonnegative orthant
is denoted by Ri ={xeR :0<12; <oo, 1 <i<J}, and its interior is denoted by
Rl, ={x€eR]:0<uwz <oo, 1 <i<J}). Weassume that, for each j, 1 < j < J,
g; : R] — R, is continuously differentiable, and that, for w € R], :

0g; 0g;
(A1) ifgj(w)>0,then%<0, 1<j<, (M%zo, 1<j#i<,
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)
(A3) if p(w) > 0, then 2% 0 1< i< (A4) lim plwl) =0,

aw] wW—00
and

Oa-
(A5) for any € > 0 there exists a K, < oo such that w > K. iffw; >¢€,1<j<J.
Wi



Assumptions (A1) and (A2) are related to monotonicity in demand for individual call
types. Assumption (A1) indicates that when the price of a call type increases its arrival
rate decreases, while assumption (A2) indicates that there is a possible substitution in
the form of an increased arrival rate of other call types. Assumption (A3) states that the
total offered load is decreasing in the prices of all call types. Assumption (A4) expresses
the natural condition that as all prices increase, the total offered load decreases to zero.
Our assumptions do not rule out unbounded demand, but (A5) allows unbounded demand
only for very small prices.

The social welfare maximization problem is formulated as follows. There are .J call
types as before. There are I customers that share the use of the system, and customer 1,
1 <4 < I, generates a Poisson stream of calls of type j with rate g}, 1 <5< J. We let
Ui(gt,..., g% By,...,By) denote the utility function for customer i (in the simplest case
the utility is a function of ¢4(1 — Bj)). The social welfare of the above system is defined

as the sum of the benefits of the customers, i.e., the quantity 25:1 U
Since all customers share the link, the blocking probability B; is the same for all cus-
tomers, and hence is a function B;(N;g1,...,gs), where g; = 22{:1 g; is the total arrival
rate of calls of type j. The problem of maximizing the social welfare now becomes
Mazimization of Social Welfare (MSW):

max ZU’ (g 95 Bi(Nigr, ., 94)s -, Bi(Ns g1, 91)) - (2)

l 1<5<J,1<6<TI i1

A traditional approach for solving M SW is by using prices. The network operator
posts prices w; for accepting calls of type j; the customers adjust their call arrival rates in
order to maximize their total net benefit, which is their utility for using the above arrival
rates at the particular operating point of the link minus the cost they must pay to the
network. An equilibrium in such a system is a set of prices under which the customers do
not have the incentive to change their arrival rates g; A desirable property of such an
equilibrium is that the corresponding arrival rates also solve M SW.

We state some interesting properties that are natural to assume for the utility functions
we are using, and which are useful in the proofs of the results in the following sections.
It is natural to assume for each customer i that U'(x,...,27;b1,...,bs) is increasing in
the rates z;, and decreasing in the blocking probabilities b;. We also assume that U
is continuously differentiable in all of its arguments and is concave in each ;. Another
property that is natural to assume is that if z;(1 —b;) is the ‘effective’ rate of call arrivals
(accepted calls of type j) then a customer prefers the same effective rate to occur with
less blocking, since blocking can only produce extra overhead. Formally, if z;(1 — b;) =
2 (1 =) with b; < b7, then

Uiy, ...,25;01,...,05) > U, ... 200, ... ,0)). (3)
3. CALCULATION OF BLOCKING PROBABILITIES

In this section we provide asymptotic expressions for the blocking probabilities arising
in the single link model introduced in the previous section. Although we assume that the
system uses the greedy ‘complete sharing’ admission rule (if there are a sufficient number



of idle circuits at the moment of a call’s arrival, then admit the call), our first order
asymptotic results hold for more general admission rules as well. It is known that (cf.
(3], [7], [4]), under the complete sharing admission rule the stationary distribution of this
system is of product form. This typically reduces the calculation of blocking probabilities
to the determination of normalizing constants. In this case an efficient one dimensional
recursion to calculate B; is provided by Kaufman [3] and Roberts [7].

3.1. First Order Asymptotics

We consider a sequence of systems, indexed by N, where {4;,7;,1 < j < J} are held
fixed and ¢;(N) = oo as N — oo, 1 < j < J. Assume that g;(N)/N — «;, 0 < a; < o0,
as N — oo, and let p = Z}']ﬂ a;jA;7j. For p > 1 let b(p) denote the unique root in [0, 1)
of ijl a;jA;7;(1 —b)4 =1. For 0 < z < 1 let b(z) = 0. Then, as a special case of a
result of Kelly [5] for a network setting we have

Bj(N) = Bj(p) =1—(1-b(p))% as N o0, 1<j<J. (4)

3.2. Second Order Asymptotics

We assume that p = ZLI ajA;jT; =1, and

gi(N) = ;N + 3;VN + o(V'N), —oo<f;<oo, 1<j<J. (5)
Using results of Hunt and Kelly [1], it was shown in Reiman [6] that
VNB;(N) = A;b*, (6)

where b* = o th(B/0), B = zjzl B; AT, o = 2;21 A?aﬂj, h(z) = %, o(r) =
ﬁ-ﬂe‘"ﬂ 2, and ®(z) = [*__¢(2)dz.

4. MAXIMIZING LINK REVENUE

4.1. First Order Asymptotic Analysis

Consider the model of the single link introduced in Section 2, and let the arrival rates
be parametrized by N, so that g;(N,w) is the arrival rate of type j calls when the price
vector is w, for the link with N circuits. Suppose that

Nﬁlgj (Nv W) — G (W) ) (7)

and let p(w) = ijl g(w)7;A;. As before let B;j(N;g(N)) denote the blocking proba-
bility of type j with N circuits and arrival rates g;(N), ..., gs(IN), where for simplicity
we omitted the dependence on the price vector w.

We now derive the asymptotic version of the optimization problem in (1). The revenue
of the Nth system is

rn(w) =Y wigi(N,w)[L = Bj(N; g1(N, w),..., g5 (N, w))], (8)

i=1



and if the normalized revenue is defined as 7y(w) = N lry(w), by substituting the
asymptotic form of the blocking probability from (4), we obtain

Jim 7y (w) = 7(w) = ijgj(w) (1 —b (Z gj(W)TjAj>> : (9)

We next show that the asymptotic form of the M LR problem that results from (9) can
be further simplified, since as we show, under the optimal price p < 1 always holds, i.e.,
the link will never be overloaded.

Proposition 1 If w* mazimizes 7(w), then p(w*) < 1.

Proof: To simplify notation we define a normalized version of the quantities w; and g;,
where the corresponding quantities are defined on a per unit of resource usage basis:

w;

No— A — J

g5 = A;Tj9;, w; = .
AT

(10)

Assume that the optimum occurs for p > 1 and has the value R*. With no loss of
generality let K be the number of distinct prices involved (K < J), and define by [ the
set of call types priced with @, , where w;, < -+ <y, . Intuitively, per unit of resource
consumption the calls in [, generate less revenue for the network than calls in /.

Now consider the same system where we apply trunk reservation in such a manner
that [, has ‘lower priority’ than l;,,. Let k* be such that Zﬁk":l; > jer, 95(W) > 1, and

ﬁ::lk“rl > jer, 95(W) < 1. It was shown by Hunt and Laws [2] that there are trunk
reservation levels such that, with p > 1, B;(N) — B;, 1 < j < J, where for j € [, with
k < k* Bj =1; for j € I, with k > k* B; = 0; and for k = k* 0 < B; < 1. Clearly in this
system the revenue is not less than R* since we admit more expensive calls with higher
priority.

We now increase w;, equally for all call types in [;, keeping other prices fixed, until
either p becomes 1, or w;, = w,,. By (A3) p decreases as w, increases. If p = 1 is
reached first, then we have strictly increased the revenue since it must be the case that
k* = 1 and (i) the load corresponding to the more expensive types has not decreased
because of substitution, (ii) the effective load of /; being 3, ;(W)(1 — Bj,) has either
remained the same if no substitution occurred (since the new rates g} at @y are such that
9; = gj(W)(1 — By,)), or has been substituted by traffic which generates proportionally
more reward. If w;, = w;,, occurs first, then the revenue is also not decreased, since,
because of substitution, the rates of more expensive calls have not been decreased, and
since these fill the system, we maintain the rate of revenue we had before. In this case
we merge the sets [; and [, and repeat the procedure for the K — 1 remaining distinctly
priced sets. Note that the above argument about increasing the effective arrival rates of
more expensive calls is particularly important for the type [; which could be “pushed out”
of the system by more expensive types since these might expand because of substitution.
In any case the effective part (the proportion that is not blocked) of the rate of [; that
generates revenue with ;. is being replaced by rates of calls that are charged higher
prices (per unit of resource usage).



Eventually we will either satisfy the condition p = 1, or have a price for all call types
of wy, . If the latter is true, then by increasing the price we will eventually also satisfy
p = 1 by (A4). In any case the corresponding reward will be strictly larger than R*.
We must observe that the sequence of intermediate systems are not comparable with the
original one since these use trunk reservation, which is one of the causes for producing
higher revenue. On the other hand, the final system which operates with p = 1 is criti-
cally loaded, and hence if we switch our policy to complete sharing we will maintain zero
blocking probability by (4). Hence the revenue in this last system will be equal to the
one obtained with trunk reservation, which is strictly greater than the initial one. This
completes our argument. [

Consider the following non-linear programs

T
Program NMLR : maximize ijgj(w) subject to p(w) <1, (11)
j=1
J
Program1I : maximize Z w;ig;(w), (12)
7=1
7
Program I : maximize ijgj (w) subject to p(w) =1, (13)
j=1

and let (5, w7), (¢35, wi;) be the corresponding pairs of the optimal value and argument
for the programs I and II respectively. Then if the function 2;21 w;g;(w) is concave,
we obtain the following further simplification.

Corollary 1.1 If p(w}) < 1 then the solution of NMLR is (¢, w}). If p(w}) > 1 then
the solution of NMLR is (Y5, W)

4.2. Second Order Asymptotic Analysis
The first order analysis of the previous section yielded (in Proposition 2) p(w*) < 1.
When p(w*) = 1 it is possible to carry out a more sensitive analysis. Let

wy =w" + N 12z (14)

for z € R’. In addition to (7), we now assume that the second order partial derivatives
of g are bounded in a neighborhood of w*. Then Taylor’s Theorem yields, for 1 < j < J,
J

0a.
9i(w) = g;(w") + N2 Y7 20 (w) 4+ o(N 7). (15)
i=1 !

With arrival rates as given in (15), we can use (6) to obtain

VNB; (N; g;(N,wy), ..., g5(N,wy)) = A;b*(z) (16)



where b*(z) = o 'h(3/0), 0? = Z;-Ll Afg;j(w*)7;, and

J

3= ZAjTJ (Z gii (w" )) : (17)

=1

Let 7y(z) = N2 (ry(wy) — ry(w*)). Combining (8) with (14), (15), and (16), we
obtain
J J

fN(sz(z):Z[zjgj( )+ Y apw) g wIAN G| 08)

]:1 =1

The entire second order analysis is predicated on the assumption that p(w*) = 1. Thus
w* solves Program II, given by (13). Solving Program II with a Lagrangian analysis,

allows us (after some manipulation) to conclude that

a J
MZZ% iTi gj Zw g9;(w*)A;b*(z) .

i=1 j=1

Note that we can write 7(z) = f(ﬁ(z)) = pfb(z) — b(ﬁ(z))z;.]:1 wig;(w*)A;, where f3
is given in (17) and b(8) = o 'h(3/0). Thus, the second order optimization problem,
which entails the maximization of #(z) over z € R/, can be reduced to the problem of
maximizing f(3) over f € R. Given a * such that f(5*) > f(5) for any # € R, we are
free to choose any z* for which (z*) = §*.

By the Lagrangian analysis, 4 > 0. In addition, b is strictly convex and strictly in-
creasing. When p > 0 there is a unique (finite) 5* that maximizes f(/5). When p = 0 this
analysis yields §* = —oo, which implies that an even more sensitive analysis is needed to
deal with this case. We do not pursue this issue further in this paper.

5. MAXIMIZING SOCIAL WELFARE

The problem of the social planner is to choose the arrival rates g;-, 1<i<I1 <5< J,
in order to maximize the sum of the utilities of all the customers (social welfare). An
implicit way to do this is through prices: the social planner posts prices for each of the
call types, under which the customers, by doing their local optimization, will choose the
arrival rates that correspond to the optimal solution of the social welfare problem. The
first question we answer is if such a set of prices exists.

Consider the social welfare function W = S>1_ Ui(gi, ..., ¢%; By, ..., By), where B; =
Bj(g1,...,9s) is the blocking probability of calls of type j, and g; = zz.lzlg; is total
arrival rate of calls of type j. Then at the optimum

I

ow _ou : ou* aBl ) .
: =0,1<i<I,1<j<J
dg; 9y} ;Z oB; dy;

and since B; depends on g;. through the sum g; = 25:1 g;'-, it follows that the above
condition becomes

i k B
8U.+Zzaia—f:0,1<i<1,1§jg,f. (19)




Let wy,...,w; be the prices charged to the customers for the accepted calls (which are
not blocked). Then customer ¢ will choose arrival rates that solve the local optimization
problem

J
max U'(g,..., g% Bi,-.., By) — 3 wngh(1— By, (20)
k=1

gi.jeT

where the values of the blocking probabilities By, are those corresponding to the current
operating point of the link and are considered as given (measured). This is an important
assumption which leads to the above definition of the local optimization problem. The
case in which the users have knowledge of the derivatives of the blocking probabilities
with respect to their arrival rates leads to a different optimization problem, in which
such prices might not exist. In any case, if the size of the system is large compared to
individual users, then a reasonable approximation is that an individual user cannot have
a significant effect on the blocking that takes place, and hence such a user is faced with
solving (20).
The arrival rates chosen will satisfy the conditions

Ui
ng-

wi(l—B;)=0,1<j<J 1<i<I. (21)

Observe now that if we choose the prices w; so that

I
oU* OB,
*=—_—(1—B;)"! T 1< 22

we are guaranteed that the global conditions (19) and the local conditions (21) are equiv-
alent, and hence the optimal allocation of arrival rates for M SW is an equilibrium for the
system of prices (22). Note that the above prices are “congestion” prices, in the sense that
a customer pays the rest of the customers (including himself) for the marginal decrease
of their utility due to the increase of blocking that is produced because of his increased
rate of requests.

The form of (22) suggests that in order to compute the above prices we need the explicit
knowledge of the utility functions of the customers. An interesting observation is that
if the customers of the network fall into a small number of generic classes for which the
utilities can be assumed known, then the network operator only needs to know the number
of users of each particular class to compute the above prices.

5.1. First Order Asymptotic Analysis

We consider the following asymptotic regime. There are I classes of customers and .J
types of calls, with these quantities held fixed. In the system with N circuits we have NN;
customers of class i € I, where N; = [N6;|, S0, 6; = 60,0 < 6 < co. A customer of class
i € I has a utility function U’ as in section 2, which is strictly increasing and concave in
gﬁ., j € J. Then the problem of maximizing the social welfare function is

I N;

max W:ZZUi(gik,...,ggk;Bl,...,BJ), (23)

gik i€l keN;,je] i=1 k=1



and since the utilities are concave in g*, at any optimum we must have g§ = g;k',
1 <k, k" < N;; 1 <i <1 Henceif we denote the above arrival rates by g%, (23) is

equivalent to

max W = X:NUZ (gt,...,9%: B1,...,By).
g sel,jed
Now, after normalizing by dividing by N and taking the limit as N — oo, we obtain that
in the limit the optimization problem for W = limy_,o N 'W becomes

max W = ZeUl (g%, g5 Bi(p), ..., Bslp)), (24)

gj wel,ged

where Bj(p) is given by (4), using a; = g; = S, 0ig}-
If property (3) holds, the following proposition states that (24) can be further simplified,
since it never pays to have blocking.

Proposition 2 If y;'-, iel,jeJ mazimize W in (24), and (3) holds, then p = 1.

Proof: Assume first that yj-, v € I, 5 € J are such that p < 1. Then the blocking
probabilities from (4) are all zero, and W = S1_ 6,U%(yi, ..., y%;0,...,0). Now since the
utilities are increasing functions of the arrival rates, we can always increase some rate,
say yj-, while keeping p < 1, and since the blocking probabilities will stay zero, we will get

a strict increase of W, which shows that optimality can not be achieved when p < 1.
Suppose now that y;'., 1 € I, 7 € J are such that p > 1. Then the blocking probabilities
from (4) are all positive. Consider the point y;(1 — B;), i € I, j € J. Clearly at this
point p = 1, and hence the blocking probabilities are zero. Hence by using (3) we get that
at this new point the social welfare is not decreased from W. This completes the proof. m

Corollary 2.1 The maximization of the social welfare corresponds to the program
mazimize S ;U (gi, ..., ¢%0,...,0) (25)
subject to ijl S 0igiTiA; = 1. (26)

Solving (26) is now straightforward. In order to obtain a better insight, we use the
normalized version of g as defined in (10). Then (26) becomes

maximize YL 6,07 (g, ... ,gf,; 0,...,0) (27)

subject to Z] DY igh = 1. (28)

A simple application of Lagrangian methods indicates that at the optimum %ZZ = w for
J

all7 € I, j € J, and that this is achieved with w being the price per request of all types.
Because of the normalization we have used, this implies that the optimal price is such
that requests are charged proportionally to the amount of resources they consume. (This
will typically not be the case in the revenue maximization problem unless the demand
functions have a special structure.)
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5.2. Second Order Asymptotic Analysis

As in the revenue maximization problem, it is possible to carry out a more sensitive
analysis for the social welfare maximization as well. As seen in Proposition 3, p = 1
always holds in the first order asymptotic analysis for social welfare maximization.

Let

GiN)=gi+ N 1220 1<i<I 1<j<J, (29)

where {g}, 1 <i < I, 1< j<J}is asolution of (25) and (26). By (6) we obtain

VNB;(N;gi(N), ..., g5(N)) = A;b*(2), (30)

where z = (2}, 1 <i <1, 1<j<J)eR™, b*(z) =0 'h(B(z)/0), 0® = LA3g;7;, and
B(z) = 2;21 Aj7; 300 0;25. We assume that the second order partial derivatives of U
are bounded in a neighborhood of (¢}, ..., g5; 0, ..., 0). Then again applying Taylor’s
Theorem and defining Wy (z) = N~Y2 (W (g(N)) — W(g)) yields

I J

Wy(z) = W(z) =) 6: > 5q7 5 T ()Y 0> Ajms (31)
i=1 =1 I =1 j=1 J

From the first order asymptotic analysis, %[gjz =wrj4;, 1 <e <1, 1<j < J for some
J

0 < w < co. Thus we can write

W(e) = wie) +5 (52) Y0 D2 00, S B

=1 j5=1

i

reducing the second order optimization problem to a one dimensional unconstrained prob-
lem as in Section 4.2.
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